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Abstract
In this series of lectures we present the functional integral method
for studying the superconducting pairing of quarks with the forma-
tion of the diquarks as well as the quark-antiquark pairing in dense
QCD. The dynamical equations for the superconducting order pa-
rameters are the nonlinear integral equations for the composite quan-
tum fields describing the quark-quark or quark-antiquark systems.
These composite fields are the bi-local fields if the pairing is gener-
ated by the gluon exchange while for the instanton induced pairing
interactions they are the local ones. The expressions of the free
energy densities are derived. The binding of three quarks is also
discussed.
1 Introduction
The superconducting pairing of quarks due to the gluon exchange in QCD with the
formation of the diquark condensate was proposed by Barrois[1] and Frautschi[2]
since more than two decades and then studied by Bailin and Love[3], Donoglue and
Sateesh[4], Iwasaki and Iwado[5]. Recently, in a series of papers by Alford, Rajagopal
and Wilczek[6], Scha¨fer and Wilczek[7], Rapp, Scha¨fer, Shuryak and Velkovsky[8],
Evans, Hsu and Schwetz[9], Son[10], Carter and Diakonov[11] and others[12−21] there
arose a new interest to the existence of the diquark Bose condensate in the QCD
dense matter-the color superconductivity. The connection between the color super-
conductivity and the chiral phase transition in QCD was studied by Berges and
Rajagopal[22], Harada and Shibata[23]. There exists also the spontaneous parity
violation, as it was shown by Pisarski and Rischke[24].
For the study of many-body systems of relativistic particles with the internal
degrees of freedom as well as with the virtual creation and annihilation of the
particle-antiparticle pairs the functional integral technique is a powerful mathemat-
ical tool. This method was applied to the study of the color superconductivity as
well as the quark-antiquark pairing[25−28].
In this series of lectures we present the basics of the functional integral method
for the study of the color superconductivity in QCD at finite temperature and
density (the so-called dense QCD or thermal QCD). As the physical origin of the
superconducting pairing of quarks we consider two different commonly discussed
mechanisms: the direct local four-fermion interactions of the quark field and the
quark-quark non-local interaction due to the gluon exchange. The direct four-quark
interaction might be induced by the instantons[11,12].
We follow the general method of the functional integral approach in the theory
of superconductivity [29,30]. We start from the expressions of the partition functions
of the systems of interacting quarks and antiquarks with some local or non-local
quark-quark interactions. Then we introduce the local or bi-local composite fields
describing the diquarks or quark-antiquark pairs, establish the effective action of
these composite fields and derive their field equations. The order parameters of
the ground state of the diquark or quark-antiquark condensate are the expectation
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values of the composite fields in the corresponding state of the system. Due to the
translational invariance of the ground state these expectation values are coordinate-
independent (for the local fields) or depend only on the difference of the coordinates
(for the bi-local ones). The equations for the order parameters are the special cases
of the field equations. The expressions of the free energy density in the corresponding
phases are also derived.
We work in the imaginary time formalism and write briefly











k is the Boltzmann constant and T is the temperature. We denote ψA, ψ
A
the
quark field and its Dirac conjugate, where A = (α, a, i) is the set consisting of the
Dirac spinor index α = 1, 2, 3, 4, the flavor index i = 1, 2, 3, ....Nf and the color one
a = 1, 2, 3...Nc . The internal symmetry groups are assumed to be SU (Nf )f and
SU (Nc)c. The partition function of the system of free quarks and antiquarks with


































and M is the bare quark mass.
Introduce the generating functional

























with anti-commuting parameters ηA (x) and η
A (x). The 2n-point Green functions
are expressed in terms of the functional derivatives of Z0 [η, η] at the special value
ηA (x) = η






















An (xn) δηBn (yn) ...δηB1 (y1)
|η=η=0 . (4)
In particular
GBA (x; y) = G
B












δηA (x) δηB (y)
|η=η=0 . (5)
Denote












α (x− y,τ − σ) , (6)
Sβα (x− y,τ − σ) = Sαβ (x− y,τ − σ)




B (x− y) = δ
C
Aδ (x− y) , (7)











Sβγ (x− y,τ − σ) = δαγδ (x− y) δ (τ − σ) . (8)
Shifting the functional integration variables
ψB (x) → ψB (x) +
∫







dzηC (z)SAC (z − x)
in the r.h.s. of the formula (1), we derive the explicit expression of the generating
functional (3)




dyηA (x)SBA (x− y) ηB (y)
}
. (9)
Substituting this expression into the r.h.s. of the formula (5), we obtain the two-
point Green function








= SBA (x− y) . (10)
Similarly, from the formulae (4) and (9) it follows the Wick theorem for the 2n-point
Green functions of the free fermionic fields.
Introduce the Fourier transform S˜αβ (p) = S˜αβ (p, εm) of Sαβ (x) = Sαβ (x, τ) :










dp eipx S˜αβ (p, εm) (11)
















p̂ = (εm + iµ) γ4 + γp, p
2 = (εm + iµ)
2
+ p2. (13)
In the calculations we shall use also the expression of S˜αβ (−p) = S˜αβ (−p,−εm) .












p̂′ = (εm − iµ) γ4 + γp, p
′ 2 = (εm − iµ)
2
+ p2. (15)
To study the color superconductivity we consider the quark-quark pairing in
QCD with the formation of the diquark condensate. Then we investigate the quark-
antiquark pairing. The corresponding composite fields are the meson ones. We
discuss also the possibility to extend our reasonings to the study of the binding of
three quarks. The composite particles in this case are the baryons.
3
2 Quark-Quark Pairing
For the simplicity in writing the formulae we begin our study by considering the
superconducting quark-quark pairing due to some direct four-fermion coupling of














































(x) ,ΦAC (x) = −ΦCA (x) , (18)















(x) V BDCA (x− y) ΦDB (x)
}
. (19)
By shifting the functional integration variables































































(x) V BDCA , ∆CA (x) = V
BD





(x) , ∆AC (x) = −∆CA (x) , (22)






























































(x) ∆CA (x) + ∆
BD
(x)ψD (x)ψB (x)
]}]〉
. (25)
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